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1. INTRODUCTION 
It is a well known theorem of Cernikov [12, Part 1, 3.461 that if G is a locally 
soluble group and every abelian subgroup of G is a Cernikov group, then G 
itself is Cernikov. Here a group X is called a Cernikov group, if X has a normal 
subgroup X0 of finite index which is a direct product of finitely many quasicyclic 
groups. In [17], Zaicev proves an operator form of Cernikov’s Theorem namely: 
THEOREM (Zaicev). If G is a locally soluble group which is not C%rnikov 
and A is a @site group of automorphisms of G, then A normalizes some abelian 
subgroup of G which is not &rnikov. 
In proving Cernikov’s Theorem one reduces immediately to the periodic 
case, and Zaicev’s Theorem also reduces rapidly to that case. Consequently 
both of them are really theorems about periodic locally soluble groups. Our 
main theorem in this paper is closely related to Zaicev’s. 
THEOREM 1. Let A be a jinite group of automorphisms of a periodic locally 
soluble group G of infinite rank. Then A normalizes some abelian subgroup B of 
infinite rank of G. Furthermore we can arrange that B = B, x B, x ... , where 
each B, is a minimal A-invariant subgroup of B. 
We use the term “rank” in the sense of the Mal’cev special or Priifer rank; 
thus a group X has finite rank n if every finitely generated subgroup of X can 
be generated by n elements, while some finitely generated subgroup of X 
requires n generators. A group which’does not have finite rank is said to have 
infinite rank. We write Y(X) for the rank of X. 
We shall also prove a quantitative version of Theorem 1. This is really a 
theorem about finite groups. 
THEOREM 2. There exists a number g(m, Y), depending on m and r alone, 
such that if A is a $nite group of order m operating on a periodic locally soluble 
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group G, and every A-invariant abelian subgroup of G has rank <r, then 
r(G) G g(m, ~1. 
The special case of Theorem 2 when / G / is divisible only by a fixed set of 
primes was obtained in joint work with J. S. Richardson. 
Taking A = 1 in Theorem 1, we obtain a theorem of GorEakov [2] to the 
effect that every periodic locally soluble group of infinite rank contains an 
abelian subgroup of infinite rank. The relationship between our theorem and 
Gorcakov’s is the same as that between the theorems of Zaicev and Cernikov. 
We shall also see (Section 2) that Zaicev’s Theorem is a straightforward conse- 
quence of ours. 
Unlike Zaicev’s Theorem, ours breaks down if the assumption of periodicity 
is removed. In fact, this happens even if A = 1, for Merzljakov [9, lo] has 
given an example of a locally soluble group of infinite rank, all of whose abelian 
subgroups have finite rank. Now a soluble group of infinite rank contains an 
abelian subgroup of infinite rank (Kargapolov [5]), but nevertheless our 
Theorem 1 breaks down even for nilpotent groups. 
PROPOSITION 1. There exists a torsion-free nilpotent group G of class two 
and infinite rank admitting an automorphism 01 of order 3 such that every ol-imrariant 
abelian subgroup of G is cyclic and central. 
This is proved in Section 3, where some other pertinent examples are also 
mentioned. 
Before beginning the proof of our theorems, we mention the following 
COROLLARY. Let A be a finite subgroup of a locally soluble group G. If G is 
not tiernikov, then there exists an A-invariant abelian subgroup B of G such that 
A n B = 1 and B is not cernikov. If G is periodic and has in$nite rank, then B 
may be chosen to have infinite rank. 
Proof. By Zaicev’s Theorem, A normalizes some abelian subgroup C of G 
which is not Cernikov. Let D be the torsion subgroup of C. If C is not periodic, 
then we may clearly assume that C/D is a non-trivial free abelian group of 
finite rank. Then C = D x F, where F is free abelian of finite rank. Let 
F = (x1) x ... x (x~). Then for each a E A, we have xia = di,nfi,a for some 
di,, E D and f<,, E F. 
The group D, = (d&: 1 < i < t, a E A) is finite, and E = DIF is A-invar- 
iant. If n = / D1 /, then B = En = F” is a non-trivial free abelian group 
normalized by A, and clearly A n B = 1. 
Hence we may assume that C = D, and now we may further assume that D 
is generated by its elements of prime order. Let D, be the Sylow p-subgroup 
of D, for each prime p. If infinitely many D, are non-trivial, then since 1 A ) 
has only finitely many prime divisors, the existence of B is clear. Therefore it 
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remains to consider the case when only finitely many D, are non-trivial, and 
in that case we may assume that D is an infinite elementary abelian p-group. 
Then AD has infinite rank, and by Theorem 1 or Lemma 9, A normalizes an 
abelian subgroup H = B, x B, x ... of AD, where each Bi is a minimal 
normal subgroup of AH. Every normal subgroup of ,4H contained in H is 
complemented in H, and in particular we can write H = (A n H) x B for 
some A-invariant subgroup B. Clearly B is not Cernikov. The second assertion 
follows immediately from Theorem 1, by the above argument. 
It is a pleasure to express my gratitude to the University of Alberta for their 
support and hospitality while this paper was being written. 
2. PROOF OF THE THEOREMS 
The notion of a critical subgroup of a finite p-group was introduced by 
Thompson (see [3, 53.111). We need to consider the following related concept: 
DEFINITION. A carrier of a group G is a characteristic subgroup N of G 
such that N 3 C,(N) and N is nilpotent of class at most two. 
LEMMA 1. Let G be a group having an ascending series with abelian factors. 
Then 
(i) G contains a nilpotent subgroup N of class at most two such that 
N 3 WV. 
(ii) If the series can be chosen to consist of normal (resp. characteristic) 
subgroups of G, then N can be chosen to be normal (resp. characteristic) in G. In 
the latter case, N is a carrier. 
This is probably well known, at least in the soluble case. 
Proof. (i) Let (V,: ol < p} be an ascending series of G with abelian factors. 
We construct, by transfinite induction, subgroups N, of V, (ti < p) such that 
N, is nilpotent of class at most two, N, > CVa(N,), and N, < Ns if ti < /3 < p. 
Suppose we have the N, for all 01 < p, where TV < p. If p is a limit ordinal 
we simply take N, = lJacrr N, . If p has the form 01+ 1, then let C, = CVa+,(NJ 
and N,,, = N,C, . Then CL < CV (NJ < Z(N,) < Z(C,), where Z(X) denotes 
the centre of a group X. Hence C”, is nilpotent of class at most two, and since 
IN, , Cl = 1, so is N,,, . Clearly C,m+l(N,+l) < C,,+,(N,> < C, < N,+, . 
We put N = N, . 
(ii) From the construction, N will be normal or characteristic in G 
according as the V, are normal or characteristic. 
LEMMA 2. If N is a carrier of a group G, a! is an automorphism of G, and OL 
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operates trivially on N, then 01 stabilizes the series 1 < Z(N) < G. If 01 hasJinite 
order m and Z(N) h as no non-trivial elements of order dividing m, then 01 = 1. 
Proof. Working in the split extension G(a) = H, we have 01 E C,(N) 4 H. 
Hence [G, a] < Co(N) = Z(N). Clearly [Z(N), a] = 1, so a stabilizes the 
series mentioned. If aim = 1 and g E G, then 1 = [g, am] = [g, a]“, from which 
we deduce [g, a] = 1. Hence 01 = 1. 
LEMMA 3. There exists a number f (m), depending on m alone, such that if G 
is a periodic locally soluble group possessing a normal series in which each factor is 
an abelian group of rank \cm, then (@(“J)’ is locally nilpotent. 
By a normal series of a group, we mean a series in the sense of Robinson 
[12, Part 1, p. 91, consisting of normal subgroups. Also, if H is a group and m 
a non-negative integer, Hm = (h? h E H). 
Proof, We can refine the series given to a chief series of G. If H/K is any 
factor in the series so obtained, then H/K is a finite elementary abelian p-group 
of order dividing pna, for some prime p, and can be viewed as an irreducible F,G 
module faithful for G = G/Co(H/K). By Mal’cev’s Theorem [16, 3.51, G has 
an abelian normal subgroup of index dividing f (m), a number depending on m 
alone. Hence (Gfcm)) < C = n C,(H/K) over all factors in the series. Clearly 
C has a series with central factors, and being locally finite, is locally nilpotent. 
COROLLARY 4. Let G be a periodic locally soluble group satisfring Min-p 
for all primes p. If G satisfies the hypotheses of Lemma 3, then G contains normal 
subgroups K < H < G such that G/H is finite, H/K is an abelian group with 
finite primary components, and K is a direct product of Cernikov p-groups, one for 
each prime p. 
Here, Min-p denotes the minimal condition on p-subgroups. 
Proof. Let K be the Hirsch-Plotkin radical of G. By [7, 3.181, the Sylow 
p-subgroups of G/K are finite for each primep. By Lemma 3, (Gftm))’ < K, so 
there exists a normal subgroup H of G such that K < H, H/K is abelian, and 
G/H has finite exponent dividing f (m). S’ mce the Sylow p-subgroups of G/H 
are finite, and can be non-trivial for only finitely many p, G/H is finite. By 
Min-p, each Sylow subgroup of K is Cernikov. 
If G is a periodic locally soluble group of finite rank, then it satisfies Min-p 
for all primes p, by a theorem of Cernikov (see [7, 3.11, and hence satisfies the 
hypotheses of Corollary 4. We deduce 
COROLLARY 5 (Kargapolov [6]). If G is a periodic locally soluble group of 
jnite rank, then G has the structure given in Corollary 4. 
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Now we need some straightforward facts about Sylow structure in groups 
with Min-p for all primes p. 
Let G be a periodic locally soluble group. A Sylow basis of G is a complete 
set S = {S,} of maximal p-subgroups of G, one for each prime p, such that 
S,S, = S,S, for all primes p, q and (S,: p E 7r) is a maximal r-subgroup of G 
for each set r of primes. The associated basis normalizer is D = No(S) 
= n, Nd%,) = n, NG(Sp,), where S,, = EL, S, . 
LEMMA 6. Let G be a periodic locally soluble group satisfying Min-p for all 
primes p. If D is a basis normalizer of G and H is a normal subgroup of G such that 
G/H is locally nilpotent, then G = HD. Furthermore, D is locally nilpotent. 
Proof. By [7, 3.171, 1 G/O,,,(G)/ < co. Therefore the maximalp’-subgroups 
of G/O,(G) are all finite, and it follows that any two maximal p’-subgroups 
of G are conjugate. The same holds for any subgroup of G. The factorization 
G = S,,S, , taken mod H, shows that S,,H/H is the unique maximal p’-sub- 
group of G/H, and so S,,H 4 G. Let g E G. Then S,, and Si, are Sylow 
p’-subgroups of S,eH, and so Si? = S,, for some h E H. It follows that 
G=HN,, where N, = NG(Sp,). Since S,, < N, , we have N, = S,(N, n S,). 
This factorization shows that the natural homomorphism of N, onto G/H maps 
N, n S, onto the maximal p-subgroup of G/H. Since N, r\ S, < S,* < N, 
if p # q, we have N, n S, < D. It follows that G = HD. 
The factorization N, = S&N, n S,) shows that ND n S, is a maximal 
p-subgroup of N, and hence of D. Thus N, n S, = D n S, 4 D, and D is 
locally nilpotent. 
Notice that an arbitrary periodic locally soluble group need not possess a 
Sylow basis, although a countable one does. 
Now we start to obtain some bounds on automorphism groups. 
LEMMA 7. There exists a number fi(t, r), depending on t and Y only, such that 
if A is a soluble group of automorphisms of a finite group G, G is nilpotent of class 
at most two, r(G) < r, and 1 G 1 is divisible by at most t distinct primes, then 
G) < fi(t, r). 
Proof. We have G = Gr x G, x . ..~G.,wheres<tandeachG,isa 
group of prime power order and rank at most s. Then ni=r C,(GJ = 1, so if 
we have shown that fi( 1, r) exists, then r(A) < fi(l, Y)“. It suffices, therefore, 
to consider the case when G is a p-group. 
Let B = C,(G/@(G)). We can identify A = A/B with a soluble subgroup 
of GL(r, p). By Mal’cev’s Theorem [16, 3.61, 2 has a normal subgroup zi of 
index at most fi(r), a number depending only on r and increasing with r, which 
can be put into triangular form over the algebraic closure of F, . Thus A,/O,(JJ 
is isomorphic to a group of Y x r diagonal matrices over the algebraic closure 
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of [F, , and so has rank at most Y. The order of a Sylow p-subgroup of GL(r, p) 
is ptrcr-l). Hence y(09(Xl)) < &(Y - l), and so 
(A/B) <f&g + Y + $T(Y - 1). (1) 
Now B is a p-group. Let B, = C,(G’), B, = C,(G/G’). Since each of G’ 
and G/G’ is an abelian p-group of rank at most r, we have 
r(B/B,) < @(5r - l), r(B/B,) < $+(5r - l), [13, Lemma 51, 
and so 
where C = B, n B, . 
r(B/C) < $5~ - 1) (2) 
Let G/G’ = (g,G’,...,g,G’). For each 1 < i ,( r, the map c+ [gi , c] is a 
homomorphism of C into G’ with kernel C,(gJ. Hence r(C/C,(g,)) < r. 
Clearly &, C,(g,) = 1, so 
r(C) < 9. (3) 
Putting together (l), (2) and (3), we obtain 
r(A) < fl( 1, r) = fa(r) + Y + $(Y - 1) + r(5r - 1) + rs, 
This establishes Lemma 7. 
The next two results deal with situations which will arise in the proofs of 
Theorems 1 and 2. 
LEMMA 8. Suppose that A is a jinite group of automorphisms of a nilpotent 
group G of class at most two. Suppose every A-invariant abelian subgroup of G 
has rank at most Y. Suppose further that the following conditions hold: 
(i) G’ and G/G’ have prime exponent p, 
(ii) G = Gr ..* G, , where each Gi is an A-invariant subgroup of G con- 
taining G’. 
(iii) [Gi,Gj] = 1 ifi#j, 
(iv) G,~~~‘andG,+~~G,...G~ifl <i<s-1. 
Thens<r(2rIAjfl). 
Proof. Let t = 2r 1 A / + 1, suppose s > t, and consider Gr ... G, . Choose 
x1 E G,\G’ and xi E G,\(G, ... G,-,) (i = 2,..., t). The hypotheses imply that 
G’ is an elementary abelian group of order pu, where u < r, so G’ = 
(g1> x .*- x (g,) say, where each gi has order p. For each a E A, let 
[Xi ) xp] = gzlgp (0 ,( ajai E Z). 
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If A, ,...) A, are non-negative integers, then using (iii) and the fact that G is 




The value of (4) clearly depends only on the values of the integers aiai and 
Xi modp, and so we can view (5) as a system of u 1 A ] quadratic forms over IF, 
in t variables. Since t > 2u ] A 1, a theorem of Chevalley-Warning [14, p. 51 
shows that they have a non-trivial common zero (A, ,..., A,) E IF,~. If x = l-Ii=, xi”, 
we then have 
[x, x”] = 1 for all a E A, 
so that X = (x”) is abelian. Furthermore, if hi # 0 but Ai+r = ... = A, = 0 
(in IF,), then because of (iv), we find that x E G,\(G, ... Gi-,) if 1 < i < t, or 
x $ G’ if i = 1. In particular X $ G’. 
Let X, = XG’. From each block Git+i ,..., Gt,+rlt of t subgroups Gi , we 
can obtain an A-invariant abelian subgroup Xi > G’ in a similar way, and 
(iv) will show that Xi < X, ... X,-r . Hence r(X, ... Xi) >, i, and X1 . Xi is 
abelian. It follows that the number of such blocks cannot exceed r - 1, so 
s<rt=T(2?jAI+l). 
LEMMA 9. Let A be a Jinite group of automorphisms of a periodic nilpotent 
group G of class two, and suppose every A-invariant abelian subgroup of G has 
rank <r. Then r(G) < g,( 1 A j, Y), a number depending on 1 A 1 and r alone. 
Proof. We may clearly assume that G is ap-group. Let n, = r(G). We allow 
n, to be infinite and make the obvious interpretations. By hypothesis, G’ is a 
Cernikov p-group of rank at most r, so 
r(G/G’) = n2 > n, - r. 
Let H be a characteristic subgroup of G with H’ minimal subject to the 
condition r(H/H’) = n2 . If T/H ’ is the subgroup of H/Ei’ generated by the 
elements of order p, then r(T/H’) = n2, and so, by the minimality of H’, we 
find that T’ = H’. Hence we may suppose that H/H’ has exponent p. If x, y E H, 
we have 1 = [x, yp] = [x, y]“, so that H’ also has exponent p. 
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Suppose we have constructed A-invariant subgroups HI ,..., Hk of H, con- 
taining H’, such that [Hi, Hi] = 1 if i # j, HI 4 H’, and Hi 4 HI ..* Hi-1 
for 1 < i < K. Suppose also that j Hi/H’ 1 divides plAl for each i. Let 
C, = C,(H, ... H,). If CB < HI ... Hk we can clearly carry the construction 
one stage further. Hence, by Lemma 8, C, < HI ... H, , where s is some 
number satisfying s < v(2r 1 A 1 + 1) - 1. Now clearly r(H, ... HJ < Y + s [ A I. 
Hence, by Lemma 7, r(H/C,) <ji(l, Y + s / A I). Therefore n2 < r(H) < 
+-W,) + y(C,) <f(L y + s I A I> + Y + s 1 A j. Finally, r(G) = n, < n2 + Y < 
r(H) $ r = g,( / A I, Y), a number depending only on 1 A 1 and Y which we 
refrain from recording explicitly. 
Now we can prove Theorem 2. 
Proof of Theorem 2. Since G is the union of its finite A-invariant subgroups 
and the rank of G is the supremum of the ranks of these, we may assume that G 
is finite in this result. Let w be the set of prime divisors of 1 A /. Then the split 
extension H = GA is r-separable in the sense of Gorenstein [3, p. 2261 and 
so A is contained in a Hall r-subgroup A, of H [3, 6.3.61. If Gr = GA A,, 
then Gr is a Hall rr-subgroup of G normalized by Iz. By Lemma 1, Gr contains 
a carrier subgroup iVr . By Lemma 9, r(N,) < g,(m, Y). By Lemma 7, since 
clearly i 71 < nl, we have 
Hence, as C,l(N,) < Nr , 
y(G) G gdm, 4 + gdm, r> = gdm, y> (6) 
Let Q = O,(G), R = O,,,,(G), and let P be a Sylow p-subgroup of G. with 
p $ n. Now -4 normalizes some conjugate PI of P n Q, and by considering a 
carrier subgroup of PI and arguing as above, we conclude that 
@'d = y(f' n Q) < g&m, 4 (7) 
On the other hand, R > C,(R/Q), and so P/P ~1 Q E PQ/Q can be viewed as 
a group of automorphisms of R = R/Q. By Lemmas 1 and 2, since 
(( P/P n Q /, / i? I) = 1, P/P n Q operates faithfully on a carrier & of i7. By 
(6), r(El) <gs(m, Y), and hence, by Lemma 7, as 1 n 1 < m, 
Y(P/P n Q) G fi(m, g3h 9) = &Cm, 4. 
combining this with (7), we obtain 
y(P) < g&h 4 + g&, 4. 
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By (6), we have r(S) < ga(m, r) if S is a Sylow q-subgroup of G and q E r. 
By a theorem of Kovacs [8], r(G) < max, r(G,) + 1, where G, runs over a set 
of Sylow p-subgroups of G, one for each prime p. Hence 
Another lemma will be useful before we begin the proof of Theorem 1. 
LEMMA 10. Let A be a $nite group, k be a jeld, and V be a kA-module of 
jinite or infinite dimension over k. Let S be the socle of V. Then 
dim I’ .< 1 A ! * dim S. 
k k 
If dim, V is infinite, this is to be interpreted as an inequality between infinite 
cardinals. 
Proof, Let S = @JAEn S, , where each S, is an irreducible submodule. 
Since A is finite, every element of V lies in a finite-dimensional kA-submodule 
of V, and it follows that V is an essential extension of S. Now every irreducible 
kA-module is isomorphic to a minimal right ideal of kA [I, 58.131, and so S is 
isomorphic to a submodule of a free kA-module F of rank / A 1. Since kA is 
self-injective and kA is noetherian, F is injective [l, 62.1; 15, 4.11. Hence the 
embedding of S into F extends to a homomorphism of V into F, which must be 
a monomorphism since its kernel intersects S trivially. Therefore dim, V < 
1 A 1 1 A 1 < j A / dim, S. 
Now we are ready to prove Theorem 1. 
Proof of Theorem 1. We have a finite group of automorphisms A of a periodic 
locally soluble group G of infinite rank, and have to find an A-invariant abelian 
subgroup B of infinite rank of the form B = B, x B, x ... , where each 
Bi is a minimal normal subgroup of AB, . Notice first that it suffices simply to 
find an A-invariant abelian subgroup C of infinite rank. For then we can take 
C to be generated by its elements of prime order, and Lemma 10 shows that 
the socle of C (as ZC-module) has infinite rank. 
We carry out the proof in a series of steps. The first four of these actually 
follow from Zaicev’s Theorem, but we will give a self-contained treatment. 
We may clearly suppose that G is countable throughout. 
Case 1. G is a nilpotent p-group of class <2. 
This can be handled in the same way as Lemma 9, but a cruder approach 
will also suffice. As in Lemma 9, we can reduce to the case when G’ and G/G 
are elementary abelian p-groups, G’ is finite, and G = GrG, ... , where the Gc 
are pairwise commuting A-invariant finite subgroups of G containing G’, 
G G G’, and G+, $ G ... Gi (i > 1). Choose xi E G,\(G, ... Gd-r) (z’ > 1) 
and xi E G,\G’. Suppose Fi (i > 0) is some finite A-invariant abelian subgroup, 
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containing G’, such that r(F,/G’) > i. Then Fi < Gl ..* G, for some t. For each 
j > t, we have a map a + [xj , xia] of A into G’. Since A and G’ are both finite, 
we can find p values of j, say jr <j, < .‘. <j, , which determine the same 
map, sayf. Then if x = I-I,“_, xi,, we have [x, x”] = n,“=, [+, , x:’ =f(a)” = 1. 
Hence (2”) is abelian. Clearly x 4 Gr .I. Gj,-i , and so, if Fi+, = Fi(xA>, then 
F,+,/G’ has rank at least i + 1. In this way we can obtain an A-invariant abelian 
subgroup B = ur=r Fi of infinite rank. 
This argument is essentially in Zaicev [ 171, and was discovered independently 
by Richardson (unpublished). 
Case 2. G is a hypercentral p-group. 
By Lemma 2, G contains a carrier subgroup N. If N has finite rank, then N 
is Cernikov. Hence so is G/C,(N) [7, l.F.31, and therefore G itself. Since G 
has infinite rank, however, we deduce that N has infinite rank. Case 1 now 
applies. 
Case 3. G is a locally finite p-group. 
Suppose first that Z(G) = 1. Let 
G, < G, < . . . . ~,G,=G 
i=l 
be a strictly increasing chain of finite A-invariant subgroups of G, and let 
Zi=(~~Z(Gi):z”=l).ThenZ=Z,Z,... is an elementary abelian A-invar- 
iant subgroup of G. If it has finite rank, then it is finite, and so, if Zt = ZiZi+, ..., 
then the decreasing chain Zf 2 Z$ > ... terminates after finitely many steps. 
Hence there exists i such that Zi < Zj” < C,(G,) for all j 2 i. Hence 1 # Zi < 
Z(G), a contradiction. Therefore Z has infinite rank. 
Considering now the general situation of Case 3, let H be the hypercentre 
of G. By case 2, we may assume r(H) < CO. Then r(G/H) is infinite, and by 
the preceding paragraph, G/H contains an abelian A-invariant subgroup C/H 
of infinite rank. But now C is a hypercentral p-group of infinite rank, and Case 2 
yields the desired conclusion. 
Case 4. G is a n-group, where r is a finite set of primes. 
Write G = lJT=r Gi, where each Gi is a finite A-invariant subgroup of G. 
Then clearly r(GJ -+ co as i + co. By Lemma 1, Gi contains a carrier subgroup 
Ni . If there exists an integer Y such that r(Ni) < Y for all i, then applying 
Lemma 7, we find that r(Gi) ,( Y +fr(m, Y), where m = 1 r 1, for all i. This 
contradiction shows that the Ni have unbounded ranks. Since r(Ni) = 
maxDEn y(O,(Ni)), th ere exists a prime p E v such that the groups O,(NJ have 
unbounded ranks. Then nT=, O,(NJ is an A-invariant p-subgroup of infinite 
rank of G, and we are reduced to Case 3. 
Case 5. The chief factors of G have bounded rank, G satisfies Min-p for 
all primes p, and G has no non-trivial elements of order dividing 1 A I. 
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By Corollary 4, G contains normal subgroups K < H such that K is a hyper- 
central group, H/K is abelian, and G/H is finite. We may clearly assume that 
H = G. Suppose that K has infinite rank, and let K, be the set of p-elements 
of K, for each prime p. Then K is the direct product Dr,K, . Each K, has 
finite rank since it is Cernikov, and so we can choose, for each p, a finite 
A-invariant subgroup L, of K, such that the L, have unbounded ranks. By 
Lemma 1, L, has a carrier subgroup ND . By Lemma 7, the groups N, have 
unbounded ranks. By Lemma 9, we can choose A-invariant abelian subgroups 
B, of N, , for each prime p, such that the B, have unbounded ranks. Then 
B = JJI, B, is an A-invariant abelian subgroup of infinite rank of G. 
Hence we may assume y(K) < co, and so r(G/K) is infinite. Let Gr < G, < ... 
be a tower of A-invariant finite subgroups of G such that WY=, G, = G. Form 
the split extension E = GA, let Ei = GiA, and let p be any prime such that G 
has elements of order p. Then p { / A I. Since each Es is p-soluble, we can 
choose a tower A < T$) < Tj,?) < ... such that Tg> is a Hallp’-subgroup of Ei, 
for each i [3, 6.3.61. Then S,. fi) = T$) n Gi is an A-invariant Hall $-subgroup 
of Gi, and if we write S$) = n,+, @ and S, = urzl S$), then {S,} = S is 
an A-invariant Sylow basis of G. Let D = Nc(S). By Lemma 6, D is locally 
nilpotent, and G = KD as G/K is abelian. Hence D has infinite rank. Clearly A 
normalizes D. We can now apply the same considerations as were applied to K 
to obtain an A-invariant abelian subgroup B of infinite rank of D. 
Now we are ready to handle the general case. Write G = U& Gi , where 
the Gi are finite A-invariant subgroups of G and Gr < G, < ... . Let x be the 
set of prime divisors of 1 A 1. Form the split extension E = GA, and let 
Ei = GiA. Then each Ei is n-separable, and so we can choose a tower 
A d Tl < Tz < ... such that Ti is a Hall n-subgroup of Ei , for each i. Writing 
Si = Ti n G, , we find that Si is an A-invariant Hall p-subgroup of Gi , for 
each i. We apply Case 4 to S = (JTzI Si , which is A-invariant, and deduce 
that we may assume that S has finite rank. If p E n, every finite elementary 
abelian p-subgroup of G is clearly conjugate to a subgroup of S. Hence, by 
[7, 3.11, G satisfies Min-p for all p E r. By [7, 3.171, G/O,(G) is a Cernikov 
group for eachp E 7r, and hence, as O,,,(G) = &,, O,(G), we find that G/O,,(G) 
is Cernikov. Therefore O,(G) has infinite rank, and we may now assume that 
G is a x’-group. 
Again write G as the union of a tower of finite A-invariant subgroups Gi s 
form the split extension E = GA, and let Ei = G,A. Let p be any prime such 
that G has elements of order p. Then each Gi is r u {p}-separable, and so we 
can form a tower A < Tl < T2 < ... such that Ti is a Hall rr u {p)-subgroup 
of Ei . Letting Si = Ti n Gi , we obtain an A-invariant Sylow p-subgroup of 
Gi , and if S = UT=1 Si , then Case 3 gives an A-invariant abelian subgroup 
of infinite rank of S, unless S is Cernikov. So we may assume that S is Cernikov, 
and it follows from [7, 3.11 as before that G satisfies Min-p. We may assume 
that this happens for all p. Then by [7, 3.191, there is a radicable abelian normal 
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subgroup R of G such that G/R is residually finite and every Sylow p-subgroup 
of G/R is finite. Clearly we may assume that R has finite rank, in which case 
G/R has infinite rank. Suppose we can find an A-invariant abelian subgroup 
B,/R of infinite rank of G/R. Then B, satisfies the hypotheses of Case 5, and 
so we shall obtain the desired subgroup of G. We may now assume that R = 1. 
Now we complete the proof by constructing a tower 1 = B, < B, < B, < ... 
of finite A-invariant abelian subgroups of G such that r(B,) > i and Ci = C,(B,) 
has infinite rank. Then B = ur=, Bi is an A-invariant abelian subgroup of 
infinite rank. Suppose we have Bi , and let u be the finite set of prime divisors 
of 1 B, j. We work again in the split extension E = GA. Since G is residually 
finite, we can choose a n&ma1 subgroup K of finite index of G which intersects 
a maximal a-subgroup of G trivially. Then K is a a’-group. Hence G/O,,(G) is 
finite, and D = Ci n O,,(G) is a a’-subgroup of infinite rank of G normalized 
by AB, . 
By Case 5, we may assume that the chief factors of AB,D have unbounded 
ranks. Therefore the Sylow p-subgroups of D have unbounded ranks (see 
[7, l.B.31). For each prime p, ABi normalizes a Sylow p-subgroup S, of D, as 
D has no non-trivial elements of order dividing j AB, ] and the Sylow subgroups 
of D are finite. For each p, let N, be a carrier of S, (see Lemma 1). Then by 
Lemma 7, since the subgroups S, have unbounded ranks, so do the subgroups 
N, . Applying Lemma 9 to the actions of AB, on N, , we find that we can choose 
a prime p and an AB,-invariant elementary abelian p-subgroup F of N, such 
that 
y(F) 3 i+ 1 + I A I. (8) 
Alternatively the existence of F could be deduced from Theorem 2. 
Now let H = O,,(D). Th en 1 D : H 1 < co, so H has infinite rank. We 
consider the action of AB,F on H, noting that H has no non-trivial elements of 
order dividing 1 ABiF I. Employing Case 5 again, we may assume that the chief 
factors of AB,FH have unbounded ranks. Let m be the number of maximal 
subgroups of Bi . Then we can choose a sequence V,, = QJR, of chief factors 
of AB,FH such that Qn < H and Y(V,) > mn. From [3, 3.3.31, we have 
where M runs over the maximal subgroups of F. Therefore we can choose 
a maximal subgroup M,, of F such that r(Cvn(Mn)) > n. Now Cvn(M,J = 
CQm(M,) R,/R, [3, 5.3.151, and so 
y(CoJKJ) 3 n. (9) 
Since there are only finitely many possibilities for M,, , some maximal subgroup 
M of F has to occur infinitely often as M, . Let BS, = &A Ma. Then from (S), 
r(BT+;,) > i + 1. Since F < D < Ci , we have [Bi , BF+;,] = 1 and so Bi+l = 
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B&+1 is an A-invariant abelian subgroup of rank at least i + 1 containing Bi . 
Finally, from (9) and the fact that Qn < Ci = C,(B,) for all i, we see that 
C,+i = CJB,,,) has infinite rank. The proof of Theorem 1 is complete. 
Deduction of Zaicev’s Theorem. Here we have a finite group of automorphisms 
A of a locally soluble non-Cernikov group G, and have to find an abelian 
A-invariant subgroup B of G which is not Cernikov. 
Suppose first that G is periodic. If G has infinite rank the desired result 
follows from Theorem 1. So we may assume that G has finite rank and hence, 
by Corollary 5, that G’ is a direct product of Cernikov p-groups for various 
primes p. The centre of G’ is an A-invariant abelian subgroup, and so we may 
assume that G’ is a Cernikov group. Let C = C,(G). Then G/C is Cernikov 
[7, l.F.31, and so C is not. But C is nilpotent of class at most two, and must 
be the direct product of an infinite number of non-trivial cernikov p-groups. 
Then Z(C) is an A-invariant abelian subgroup of G which is not Cernikov. 
The extension to the case when G is not periodic is made exactly as in 
Zaicev [17]. We can choose a finitely generated A-invariant subgroup H of G 
which is not periodic. By induction we can assume that H’ is periodic and 
hence that H’ is Cernikov. Let D be the maximal radicable subgroup of H’. 
Then H/D is finitely related and so D can be generated by the H-conjugates 
of finitely many elements [ 12, Part 1, 1.431. Hence D is finite, and in fact D = 1. 
Therefore H is polycyclic, and contains a torsion-free characteristic subgroup 
of finite index [12, Part 2, p. 1391, which must clearly be abelian. 
3. SOME EXAMPLES 
We begin by establishing the proposition stated in the introduction. 
Proof of Proposition 1. Let H be a free nilpotent group of class two on the 
generators X, y. Since H is relatively free, the map ol: x + y, y + &y-l extends 
to an endomorphism of H. Direct verification reveals that 01~ = 1, so that ol is 
actually an automorphism. Let x = [x, y]. Then every element u E His uniquely 
of the form xAy%” (X, p, v E Z). We have 
[u, ZP] = [x5’“, x-y-“] 
=.Z A(A-u)+u2 
Now h(X - CL) + pa = (h + Qp)” + QpL2, and so we deduce that 
(*) If u E H\H’, then [u, u”] = z@), where f(u) > 0. 
Now let HI, H, ,... be copies of H, indexed by the natural numbers, and 
let G be the central product of the Hi amalgamating the elements xi = [xi , yi] 
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in the obvious notation. Since P = x, G admits an automorphism of order 3 
which acts on each Hi in the same way as ol acts on H. We denote this automor- 
phism also by 01. Let x E G\G’. Then we can write x = ui, ... ui, , where 
i, < iz < *+* < it and ui, E H,,\G’ (I < 7 < t). We have 
where each fr > 0, by (*). Hence [x, x*] # 1. Therefore x commutes with x” 
if and only if x E G’, and every a-invariant abelian subgroup of G is indeed 
cyclic and central. Clearly G has infinite rank. 
Next we consider what happens if A is allowed to be infinite. 
PROPOSITION 2. There exists a nilpotent group G such that 1 G’ 1 is prime 
and G admits a quasicyclic group A of automorphisms such that A acts irreducibly 
on G/G’. In particular, every A-invariant abelian subgroup of G lies in G’. 
Proof. Let p and q be odd primes such that q j p + 1, and let qS be the 
largest power of q dividing p + 1. Then q 7 p - 1, and the order of p mod qs 
is 2. It is not hard to see that the order of p mod qs+’ is 2qr for any 7 3 0. We 
briefly indicate the proof (see also [II, 2.81). Let n, = 2q’ and assume, for 
some Y > 0, that n, is the order of p mod qS+r, and also that qs+r+l does not 
divide pnr - 1. The order of p mod q S+T+l must be divisible by nr and so has 
the form n,m for some m 3 2, m E Z. Now ~“7 = 1 + a . qs+r, by assumption, 
where (a, q) = I_ Hence 
P “rm zzx 1 + ma . q”+’ + (9 a2q2(S+T) + .. . 
Clearly this is divisible by qS+r+l if and only if q 1 m, so the order of p mod qS+C+l 
is qn, = n,+l . Since q is odd, pnrq = 1 + aqS+T+l mod q2(S+r)+1 and since s > 0, 
this shows that qs++-+l does not divide p++l - 1. 
Hence the field K, of pnr elements is generated over the prime field IF, by a 
primitive q $+?-th root of 1. Let K = u,“=, K,. . Then K is generated over F, 
by the group Q of all q”-th roots of 1 (m = 1,2,...). Each K, has a subfield k, 
of order pq’-‘. Since R, contains a subfield of the same order as k,-, if r > 1, 
and K contains at most one subfield of any given order, we have k1 < k, < .I. . 
Let k = u7m1 k, . If w E K,\k, , then w $ k, and (1, ok} is a basis of K, over k, , 
for any 7 > 1. It follows that { 1, w} is a basis of K over k, so [K : k] = 2. Also 
knK,=F,,soQnk=l. 
Now Q operates by multiplication on K, and the operation of the elements 
of Q is K-linear. Since Q generates K over IF, , K is irreducible even as an 
ff,Q-module. The action of the elements of Q on K is a fortiori k-linear. Let 
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u + u be the unique non-trivial element of the Galois group of K over K (U E K) 
and for u, v E K, define 
f(#, v) = uv - iiv. 
Then f is a symplectic form over k. If u E K and f (u, v) = 0 for all v E K, then 
UB = zlv for all v E K. Taking 0 # v E k, we deduce that u = ti, so that u E K, 
and taking v $ k, we find that u(v - 8) = 0, so that u = 0. Thus f is non- 
singular. Now let 01 E Q. Then 
f (ua, va) = ac?f (II, v) = N(a) f (11, v), 
where N denotes the norm from K to K. Since N is a multiplicative homomor- 
phism and K contains no non-trivial q-th roots of 1, N(a) = 1. Hence Q pre- 
serves f. 
Now let G, denote the set of all ordered pairs (a, b) with a E K, b E K, and 
define 
(a, b)(a’, b’) = (a + a’ + $f(b, b’), b + 6’) 
It is easy to verify that G, is a group, and 
[(a, b), (a’, b’)] = (f (b, 0 0). 
Becuse f is non-singular, it follows that 
Z(G,) = G; = {(a, 0): a E k). 
For each 01 E Q, the map (a, b) -+ (a, bol) is an automorphism of G, . This is 
because Q preserves f. In this way we can embed Q in Aut G, . Let L be a 
subgroup of indexp in G; and let G = GJL. Since Q centralizes G; , we obtain 
an induced action of Q on G. Clearly G/G’ is Q-isomorphic to K, and so is 
irreducibly transformed by Q. The construction, which owes much to lectures 
of T. R. Berger, is complete. 
If B is any a-invariant subgroup of G which is not contained in G’, then we 
have BG’ = G. By general facts about nilpotent groups, or a trivial direct 
argument, we deduce that B = G. Hence the only or-invariant subgroups of G 
are 1, G’ and G. 
Finally we remark that Theorem 1 breaks down if the assumption of local 
solubility on G is removed. To see this, take A = PSL(2, p) < PSL(2, k), 
where K is the algebraic closure of the field [F, . Certainly PSL(2, k) has infinite 
rank since it contains an infinite elementary abelian p-subgroup. But PSL(2, p) 
normalizes no non-trivial abelian subgroup of PSL(2, K); this can be seen for 
example by consulting the list of subgroups of PSL(2, pf) given in Huppert 
[4,11.8.27]. 
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Note added in proof. Since submitting this article, the author has learned that 
Theorem 1 has also been published by D. I. Zaicev (Doll. Akad. Nauk SSSR 240 (1978), 
257-260). 
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